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Abstract The characteristics of geometric errors in CNC
machine tools have been investigated in detail. These
characteristics include position dependence, relativity,
synthesis, and continuity. Tests have been designed to
verify these properties, which can be used to guide the error
measurement procedure. A new measurement procedure,
called the relay method, has been developed. This method
has high resolution and can be applied to measure
geometric errors in the whole workspace. A machine has
been calibrated by the relay method, and the results of error
compensation show that the machine tool accuracy has
been improved.
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1 Introduction

Geometric and thermally induced errors account for about
70% of the errors in machine tools. Therefore, compensa-
tion for geometric and thermal errors could significantly
enhance the accuracy of machine tools and then improve
the quality of parts produced with them [1, 2]. The
geometric errors are those errors that exist in a machine

on account of its basic design, and those resulting from
the inaccuracies built in during assembly and from the
components used in the machine. Geometric errors make
up the major part of the inaccuracy of a machine tool [3].
As such, they form one of the biggest sources of
inaccuracy in the parts produced. Geometric errors are
systematic, or repeatable, and can be measured and stored;
compensatory actions are effective. Accurate error predic-
tion is one of the most important steps in the whole
compensation procedure.

A laser interferometer is commonly used in the mea-
surement of the various components of the errors. It has the
disadvantage that the method needs an expert operator and
a long measurement time, and it is not suitable for actual
industrial application [4]. A double ball-bar can be used for
checking the errors when the machine is moving in a circle
[5]. The results can usually be used for periodic
checking. Hua, Yanbin and Yan [6] proposed a two-link
method which can be used to map errors in two
dimensions, and identified the trajectory errors of general
planar motions. A telescopic ball-bar can be used to
enlarge the measurement area; Shih-Ming and Ehmann [7,
8] suggested the use of a triangulation principle and a
single-socket method. These methods can, theoretically,
detect position errors in a volume. However, they are
usually very time-consuming and labor-intensive when
used to calibrate a machine.

A cross-grid encoder can measure the two-dimensional
error in a small area of a planar table [9]. The most
commonly used cross-grid encoder is 220 mm in diameter,
making it unusable for error detection in the whole volume
of a workspace. Though current instrumentation permits the
precise measurement of deviations from accurate geometry,
simpler and less expensive methods are highly desirable.
This paper provides a relay method to measure volumetric
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errors in a plane. Using equipment such as a cross-grid
encoder that can measure in only a small field, the errors
are obtained over the whole workspace by measuring the
error in a basic position near the original point. Section 2
discusses in detail the characteristics of geometric errors in
computed numerically controlled (CNC) machine tools.
Some experimental procedures for measuring these charac-
teristics are provided in Section 3. In Section 4, some
results of error compensation are given. Finally, our
conclusions are given in Section 5.

2 The characteristics of geometric errors

Geometric errors are those errors that are concerned with
the quasi-static accuracy of surfaces moving relative to one
another. Although better performance can be reached by
improving the design and production of a machine, the
achievable accuracy is still limited because of the limi-
tations imposed by the physical properties of the materials
and economic concerns. An effective method of compen-
sation for these errors which includes both error prediction
and a compensation system is needed.

2.1 Problem statement

The geometric errors are affected by factors such as surface
straightness, surface roughness, and bearing preload. The
geometric errors are always repeatable and time-invariant.
The following experiments conditions are considered in the
analysis.

1. Only those errors that represent a change in the basic
accuracy of the geometric errors are considered, and
not those that are process-dependent, such as the effects
of temperature and of the cutting force.

2. The influence of backlash error has been eliminated
before the tests; that is, the backlash in the axes has
been well compensated by software or hardware
methods.

2.2 Position dependence

As Fig. 1 shows, the magnitudes of the position coordinates
of a commanded point P in the workspace can be expressed
as P ¼ ðxiþ yjþ zkÞ. When the machine is commanded to
move from point O to point P, the actual (real) point Pr

reached can be expressed as Pr ¼ ðxriþ yrjþ zrkÞ, and
then the error in the commanded point P is
E ¼ ðExiþ Eyjþ EzkÞ. The error can be defined as
E ¼ Pr � P þ ", where " ¼ ð"xiþ "yjþ "zKÞ is the ran-
dom error. The systematic error is the main error in soft
compensation. The random error is not considered here, and

so the error can be described by E ¼ Pr � P, and the
equation for it can be expressed in detail as follows:

Ex ¼ x� xr:; Ey ¼ y� yr:; Ez ¼ z� zr ð1Þ
The geometric error E is the end-effect error, which can

be described as a function of the point P. So the error E can
also be called the position-dependence error. The trajectory,
and the direction of the error measurement under special
conditions, can be ignored. This is the basic theory of out-
of-line error compensation.

2.3 Relativity

The position error is illustrated further in Fig. 2. When the
machine moves from point A to point P, the real linear
movement distance is APr and the commanded linear
movement distance is AP, and so the error is described by
EAP ¼ APr � AP. The position error EAP can be acquired
by subtracting the commanded movement AP from the
actual movement APr. The error of the reference point A is
considered as zero, i.e., EðAÞ ¼ EAA ¼ 0.

As mentioned above, the position error implies a
reference point, and the value of the position error is given
relative to that reference point. This is the characteristic of
relativity of position error.

2.4 Synthesis

As Fig. 3 shows, the original point on the working table
XOY is O and the error of the original point O is E(O)=0.
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Fig. 1 Position dependence of position error
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The geometric error of the point O′ is EOO′. The error of
point P relative to point O′ can be described by EO′P, and
then the commanded linear movement distance is OP ¼
OO0 þ O0P and the actual linear movement distance is
OPr ¼ OO0

r þO0Pr. Therefore, the error can be derived
from the equation Eop ¼ OPr � OP ¼ ðOO0

r þ O0PrÞ �
ðOO0 þ O0PÞ ¼ ðOO0

r � OO0Þþ ðO0Pr � O0PÞ, a n d s o
EOP ¼ EOO0 þ EO0P.

The above equations demonstrate that the error of point
P can be obtained from the error relative to the point O′.
These equations can be developed further to measure the
error of a point Q (not shown in the figure). For example,
the error EPQ, which is the error of point Q relative to point
P, can be measured, so the error EOQ can be obtained from
the equation EOQ ¼ EOO0 þ EO0P þ EPQ.

Generally, if the linear movements have the relationship
OP ¼ OAþ ABþ BC þ CDþ . . .þ XP, as shown in Fig. 4,
the position error can be synthesized from the following
equation: EOP ¼ EOA þ EAB þ EBC þ ECD þ . . .þ EXP.

2.5 Continuity

A slight variation of the commanded movement ΔP can
lead to the actual error ΔEP also having a slight variation.
Furthermore, a slight variation ΔA=AA′ or ΔP=PP′ of the
commanded reference point A or of the end point P can

cause a slight variation of the error ΔEAP, as shown in
Fig. 5:
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When dA and dP are small, the position error ΔEAP is
also very small. Shih-Ming and Ehmann [8] also state the
assumption that points located close to each other within a
small volume exhibit the same position error.
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Fig. 4 General synthesis of position errors
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2.6 Relay measurement method

The characteristics mentioned above have guided us in the
error measurement method used in the experimental work
described below. The measurement method was as follows.

1. The position errors are measured from the reference
point to the end point. The reference point error can be
obtained by resetting the device value to zero. For
example, in Fig. 3, if the machine moves from point O
to point A and then to point P, the error is given by EOP

when the measurement device is set to zero at the point
O. But if the device is set to zero at the point A, the
error is given by EAP.

2. Small deviations in the reference point and end point
have no effect on the error value. For example, in
Fig. 5, if the measurement device is moved from point
A to point A′, which can happen when the device is
moved on the table, the error EAP equals EA′P′.

3. Errors in the whole workspace are mapped by
measuring the error of a basic position near the original

point with equipment that can measure only a small
field. Then positional errors far away from the original
point are measured on the basis of the first positional
error. By using an analogous method, information
about the positional errors of points in the entire plane
can be obtained. We call this method the relay method.

3 Experimental procedure

In this section, we describe some tests designed to measure
the characteristics mentioned above.

3.1 Experimental conditions

A new type of milling center (DM 4600, Huazhong
Numerical Control Co., LTD, Wuhan, China) with three
orthogonal axes was used. To avoid high-speed effects, a
low feed speed (f=50 mm/min) was applied. Before the
calibration was done, the X and Y axes of the milling
machine were programmed to move simultaneously without
actual cutting for about 3 h to eliminate the influence of
temperature. The center was in a small laboratory room

Fig. 7 Results of two-time measurements

Fig. 8 Three-time relay measurements

Fig. 9 Results of three-time measurements

Fig. 10 Different-path error measurement
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without any vibration, and the backlash errors in the three
axes had been well compensated. The environmental
temperature was kept at 18±0.5°C during the experimental
procedure. A cross-grid encoder was used to measure the
two-dimensional error in a small area of the planar table.
The cross-grid encoder was 220 mm in diameter with a
high accuracy of 0.1 μm.

3.2 Two-time relay measurements

Figure 6 illustrates the two-time measurement procedure.
The errors EOA (EOAX, EOAY) and EOD (EODX, EODY) are
measured when the cross-grid encoder is in the original
position (position 1). Here, EOAX and EOAY are the
components of the error EOA in the directions of the x and
y-axes.

When the device is moved to position 2, the errors EAB

(EABX, EABY) can be obtained. The errors EBC (EBCX, EBCY)
can be obtained when the cross-grid encoder is moved to
position 3. These errors were measured five times at each
position. The results showed a very good repeatability of
less than 1 μm. The error vectors were acquired by using
the average value of the five measurements. Figure 7 shows
the results for the error vectors after the two-time relay
measurements.

The directly measured errors and the synthesized errors
which were obtained by the two-time relay measurement
procedure could also be measured in other area on the
machine table. The all results obtained in this way showed
a difference of less than ±0.5 μm in the x and y directions.

3.3 Three-time relay measurements

Figure 8 shows the three-time relay measurement proce-
dure. The errors EOE (EOEX, EOEY) and EOQ (EOQX, EOQY)
are measured when the cross-grid encoder is in the original
position (position 1). Then the errors EEF, EFG and EGH are
measured by moving the device to different positions. Here,
the points Q and H were the same commanded point (150,
50 mm).

These errors were also measured five times in the same
position. The average values of these error vectors are
illustrated in Fig. 9.

The directly measured errors and the synthesized errors
which were obtained by the three-time relay measurement

procedure could also be measured in other area on the
machine table. The all results obtained in this way showed
a difference of less than ±1.0 μm in the x and y directions.

3.4 Different-path relay measurements

The influence of different paths on the error measurement
was investigated as shown in Fig. 10. The errors EOA1,
EOA2, EOA3, EOA4, and EOA7 could be obtained when the
device was in the original position. The errors EA1B1,
EA1B5, EA2B2, EA3B3, EA3B6, EA4B4, and EA7B7 were
acquired after the grid encoder had been moved for the
first time.

Then, after the device had been moved to several
different positions, the errors EB1C1, EB1C3, EB1C2, EB2C1,
EB2C2, EB2C3, EB3C1, EB3C2, EB3C3, EB4C4, EB4C5, EB5C4,
EB5C5, EB6C6, EB6C7, EB7C6, EB7C7, EC1D1, EC1D2, EC1D31,
EC2D1, EC2D2, EC2D3, EC3D1, EC3D2, EC3D3, ED1E1, ED1E2,
ED2E1, ED2E2, ED3E1, and ED3E2 could be measured. So,
the errors EOC1, EOC2, EOC3, EOC4, EOC4, EOC6, EOC7,
EOD1, EOD2, EOD3, EOE1, and EOE2 for different paths
could be calculated by the relay method. For example,
EOD1 could be acquired through the relay paths OD1 ¼
OA1þ A1B1þ B1C1þ C1D1 ¼ OA2þ A2B2þ B2C2 þ
C2D1 ¼ OA3þ A3B3þ B3C3þ C3D1. The maximum
magnitude of the difference of the error for the different
paths is given in Table 1. The maximum error in the x-axis
is 1.3 μm and the maximum error in the y-axis is 2.1 μm.

Fig. 11 Error measurement procedure

Table 1 Maximum magnitude of the difference of the error (μm)

Position C1 C2 C3 C4 C5 C6 C7 D1 D2 D3 E1 E2

EX 0.8 0.8 0.7 0.1 0.6 0.8 0.3 1.3 1.0 0.6 0.4 0.3

EY 0.7 1.0 1.0 0.4 0.3 0.1 0.1 1.4 1.8 1.6 2.1 1.4
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All of the experimental results demonstrate that the
systematic error increases as the number of relaying steps
increases. Therefore, errors should be obtained with the
smallest possible number of measurements. When the
numbers of relaying steps are equal, the track of the
measurement has less influence on the results. The relay
method can therefore be used for the calibration of CNC
machine tools.

3.5 Analysis of accumulation of errors

The position accuracy (Λ) which was measured by the relay
method could be described by a positive distribution

Λi ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xt

i¼1

ðaidiÞ2
vuut ð6Þ

where α is the coefficient of error transmission, equal to 1;
δ is the accuracy of the cross-grid encoder, equal to 1.5 μm;
and t is the number of relaying steps in the measurement.
So, Λ2=2.6 μm, Λ3=3.0 μm, and Λ4=3.3 μm.

The accumulated error increases as the number of relaying
steps increases. The position error should therefore be
obtained with the least number of relaying steps. The position
errors which need more relaying steps refer to points far away
from the original point and usually have larger magnitudes. So
the influence of the accumulation of errors is still in a
controlled condition even when there are many relaying steps.

4 Results of error compensation

4.1 Error measurement

The position error measurement procedure that we used is
shown in Fig. 11 in the XOY plane. In order to obtain the
discrete distribution of the error vector in detail, a network
of nodal points with a spacing of 80 mm was taken in the
600×400 mm workspace of the machine. The errors of the
positions near to the original position were measured first.
For example, for position A (80, 160), the error EOA (EOAX,
EOAY) was measured with the cross-grid in the original
position. The positions measured in this way were (0, 0),
(80, 0), (160, 0), (0, 80), (80, 80), (160, 80), (0, 160), and
(80, 160). Then, for position B (240, 240), the error EAB

(EABx, EABy) was obtained based on the position A by one-
time relay measurements. The error EBC (EBCx, EBCy) was
acquired by two-time relay measurements. Error informa-
tion for points in the entire plane could be obtained
analogously.

4.2 Error maps

The position errors of network nodes relative to the original
point were acquired by the relay method. For example, for
position B, EOB ¼ EOA þ EAB; this equation can be divided
into equations for the x and y directions as follows:

EOBX ¼ EOAX þ EABX ð7Þ

Fig. 13 Position error maps
after compensation

Fig. 12 Position error maps
before compensation
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EOBY ¼ EOAY þ EABY ð8Þ
The errors of the remaining positions were deduced

accordingly, by the same principle. The error for position C
was obtained from the equation EOC ¼ EOA þ EAB þ EBC;
this equation can be divided into

EOCX ¼ EOAX þ EABX þ EBCX ð9Þ

EOCY ¼ EOAY þ EABY þ EBCY ð10Þ
Every network position error in the x and y directions in

the x–y plane was calculated in this way. The resulting error
map is shown in Fig. 12, where EX and EY denote the errors
in the directions of the x-axis and y-axis, respectively.

These experimental results demonstrate that the method
can calibrate CNC machine tools with high accuracy. The
method is easy and less time-consuming than the
alternatives.

4.3 Error compensation results

Calculation of the error vectors at intermediate positions
was done by interpolation of the available data. As a further
verification, soft error compensation was done with a
Huazhong Century Star system. The results for the network
node position error in the x and y directions are shown in
the x–y plane in Fig. 13.

The maximum x-axis error decreased from a magnitude
of 19.6 μm to 6.4 μm and the maximum y-axis error
decreased from 18.4 to 5.6 μm after error compensation.
The accuracy of the machine has obviously been
enhanced.

5 Conclusions

From the results of this research, the following conclusions
can be drawn:

1. The geometric error has the following characteristics:
position dependence, relativity, synthesis, and continuity.

2. Position errors should be measured with the smallest
possible number of relaying steps in order to reduce the
influence of the accumulation of errors.

3. The relay method can be used as a measurement
procedure for geometric errors under special conditions;
the measurement operation is easy and convenient in
actual applications.

4. The accuracy of the machine tool studied here was
significantly enhanced after error compensation had
been performed.
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